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ABSTRACT: We study the one-loop low-energy effective action in the hypermultiplet sector
for N' = 2 superconformal models. Any such a model contains an N’ = 2 vector multiplet
and some number of hypermultiplets. Gauge group G is assumed to be broken down to
G x K where K is an Abelian subgroup and a background vector multiplet belongs to the
Cartan subalgebra corresponding to K. We found a general expression for the low-energy
effective action in the form of a proper-time integral. The leading space-time dependent
contributions to the effective action are derived and their bosonic component structure is
analyzed. The component action contains terms with three and four space-time derivatives
of component fields and has the Chern-Simons-like form.
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1. Introduction

Four-dimensional N’ = 2 supersymmetric gauge theories are formulated in terms of N' = 2
vector multiplet coupled to a massless hypermultiplets in certain representations R of the
gauge group G. All such models possess only one-loop divergences [|-H] and can be made
finite at certain restrictions on representations and field contents. In the model with n,
hypermultiplets in representations R, of the gauge group G the finiteness condition has
simple and universal form [l
C(G)=> n,T(R,), (1.1)
o
where C'(QG) is the quadratic Casimir operator for the adjoint representation and T'(R,) is
the quadratic Casimir operator for the representation R,. A simplest solution to eq. ([.1) is
N = 4 SYM theory where n, = 1 and all fields are taken in the adjoint representation. It is
evident that there are other solutions, e.g. for the case of SU(N) group and hypermultiplets
in the fundamental representation one gets T'(R) = 1/2, C(G) = N and n, = 2N. A
number of N/ = 2 superconformal models has been constructed in the context of AdS/CFT
correspondence (see e.g []-f] and references therein, the examples of such models and
description of structure of vacuum states were discussed in details e.g. in ref. [[J]). All these
theories arise in N = 4 SYM theories on ”orbifolds” of AdSs x S® with respect to discrete
subgroup SU(4) of R-symmetry which breaks some number of the supersymmetries of the
N =4 SYM theory and acts nontrivially on the gauge group.
In this paper we study the structure of the low-energy one-loop effective action for
the N/ = 2 superconformal theories. The effective action of the N' = 4 SYM theory and
N = 2 superconformal models in the sector of N' = 2 vector multiplet has been studied by



various methods [[[4, [[1, fl, [3-[[5]. However a problem of hypermultiplet dependence of
the effective action in the above theories was open for a long time.

The low-energy effective action containing both N' = 2 vector multiplet and hyper-
multiplet background fields in N/ = 4 SYM theory was first constructed in ref. [[[§] and
studied in more details in refs. [[[7, [[§]. In this paper we will consider the hypermultiplet
dependence of the effective action for N' = 2 superconformal models. Such models are
finite theories as well as the N' = 4 SYM theory and one can expect that hypermultiplet
dependence of the effective action in A/ = 2 superconformal models is analogous to one in
N = 4 SYM theory. However this is not so evident. The AN/ = 4 SYM theory is a special
case of the NV = 2 superconformal models, however it possesses extra N = 2 supersym-
metry in comparison with generic N' = 2 models. As it was noted in [[[f], just this extra
N = 2 supersymmetry is the key point for finding an explicit hypermultiplet dependence
of the effective action in N'= 4 SYM theory. Therefore a derivation of the effective action
for N' = 2 superconformal models in the hypermultiplet sector is an independent problem.

In this paper we derive the complete N/ = 2 supersymmetric one-loop effective action
depending both on the background vector multiplet and hypermultiplet fields in a mixed
phase where both vector multiplet and hypermultiplet have non-vanishing expectation val-
ues.! The N = 2 supersymmetric models under consideration are formulated in harmonic
superspace [@, @] We develop a systematic method of constructing the lower- and higher-
derivative terms in the one-loop effective action given in terms of a heat kernel for certain
differential operators on the harmonic superspace and calculate the heat kernel depending
on N = 2 vector multiplet and hypermultiplet background superfields. We study a com-
ponent form of a leading quantum corrections for on-shell and beyond on-shell background
hypermultiplets and find that they contain, among the others, the terms corresponding
to the Chern-Simons-type actions. The necessity of such manifest scale invariant P-odd
terms in effective action of N/ = 4 SYM theory, involving both scalars and vectors, has
been pointed out in [BJ]. Proposal for the higher-derivative terms in the effective action of
the A/ = 2 models in the harmonic superspace has been given in [R§]. We show how the
terms in the effective action assumed in [R§] can be actually computed in supersymmetric
quantum field theory.

The paper is organized as follows. Section 2 is devoted to a brief formulation of the
N = 2 supersymmetric models in the harmonic superspace and description of vacuum
structure which we assume. Also in this section the elements of AV = 2 supersymmetric
background field method are introduced. In section 3 we discuss the structure of the super-
space differential operator associated with the hypermultiplet dependent one-loop effective
action on a given vacuum. Section 4 is devoted to a straightforward calculation of the one-
loop low-energy effective action for the background fields satisfying the on-shell conditions
(see Egs. (£.§)). In addition, the bosonic component effective action containing terms with
four space-time derivatives of scalar components of the hypermultiplet is derived. The
analogous Chern-Simons-type terms have been discussed in Bg]. In section 5 we study the
possible contributions to the effective action for the background hypermultiplet, which do

1See example of the effective action on Higgs branch for ' = 2 model in refs. @, @]



not satisfy the on-shell condition (B.§). We show that in the purely bosonic sector the
corresponding contribution contains the Chern-Simons-like terms with three space-time
derivatives analogous to terms proposed in [B§. The results are summarized in section 6.

2. The model and background field splitting

The harmonic superspace approach provides manifestly covariant off-shell description of
N = 2 supersymmetric field theories at classical and quantum levels (see modern state of
harmonic superspace approach in [@]) N = 2 harmonic superspace has been introduced
in [R1] extending the standard N’ = 2 superspace with coordinates 2™ = (z™, 6%, 6%)
(i = 1,2) by the harmonics uli parameterizing the two-dimensional sphere S: u“u; =
1, uti = u; -

The main advantage of harmonic superspace is that the NV = 2 vector multiplet and
hypermultiplet can be described by unconstrained superfields over the analytic subspace
with the coordinates (M = (zp, 07, 9;[, uli), where the so-called analytic basis is defined
by

2 =a™ —i0 o0 —i0 o™0T, 0F =uFel, 0F =uF0l . (2.1)

The N = 2 vector multiplet is described by a real analytic superfield V*+ = V()T
taking values in the Lie algebra of the gauge group. A hypermultiplet [, transforming
in the representation R of the gauge group, is described by an analytic superfield g7 (¢)
and its conjugate G+ (¢) (see the definition of conjugation in [RZ]). The scalar component
fields f?(x4) of the hypermultiplet and their conjugate f* = (f;)" form the SU(2) doublet.
They, as well as the spinor component fields 1o, &% of the hypermultiplet, appear as the
lowest-order components in the 81,8+, uli expansion of ¢*,¢g". The N = 2 vector potential
superfield VT satisfies the reality condition VH = V' with respect to the generalized
conjugation which is the combination of complex conjugation and the antipodal map and
transforms under the gauge transformations as 6V = —D*+ )\, where ) is an arbitrary
real analytic superfield parameter. In the Wess-Zumino gauge, the superfield V*+ has a
finite number of the component fields ¢, ¢, Am, Aas Aa, D) corresponding to field contents
of N = 2 vector multiplet [P4].

The classical action of N'= 2 SYM theory coupled to hypermultiplets consist of two
parts: the pure ' =2 SYM action and the g-hypermultiplet action in the fundamental or
adjoint representation of the gauge group. Written in the harmonic superspace [@, @] its
action reads

1 1
S =g 5tr / B2 W? + 3 / d¢ Vg (DM +igV gl (2.2)
g

where we used the doublet notation ¢ = (¢, —¢").2 By construction, the action (R.2) is
manifestly N = 2 supersymmetric. Here d¢(=% denotes the analytic subspace integration

2Hypermultiplet part of the action written in the symplectic covariant form [@] for any number n of
hypermultiplets ¢ = (¢, —§"), (a = 1,...,2n). Then ¢} is related to ¢g** by the reality condition ¢i =
gt = Q“bq:, where Q° = Q% is the invariant tensor of the symplectic group, Sp(N.) for fundamental g™ or
Sp(N?) for adjoint g+ (generalization for more complicated representations looks evident) and the covariant



measure and

DTt =Dt VTt DT =9t —2i0T6™0%9,,, o =uT A 8_i
u

is the analyticity-preserving covariant harmonic derivative. It can be shown that V7 is

the single unconstrained analytic, D(J; d)v++ = 0, prepotential of the pure A" = 2 SYM
theory [R1], R3], and all other geometrical object are determined in terms of it. So,the co-
variantly chiral superfield strength W is expressed through the (nonanalytic) real superfield

V'~ satisfying the equation
DYtV —D Vi vt v =0.

This equation has a solution in form of the power series in V ™+ [R1, P2

_ = , VtH(z,uy) ... V(2 uy)
V™7 (z,u) = /du1 . dun(—z)m'1 ) ) ,
2 e ) )

and uses the harmonic distributions ﬁ or, in other words, Green’s function
G Y (ug, up) that obey the equation 97 TG (uy,up) = 6~V (ug, uz). The rules
of integration over SU(2) as well as the properties of harmonic distributions are given in
refs. [R1], BJ]. To simplify the notation, we set g = 1 at the intermediate stages of the
calculation. The explicit dependence on the coupling constant will be restored in the final
expression for the effective action.

Now the superfield strength is defined by

1, = _ 1
W= —Z(DJF)?V”, W= —Z(D+)2V”. (2.3)
One can prove that the W, W are gauge invariant, u-independent, D**W = 0, covariant
chiral (antichiral) superfields, @diW = 0, and satisfy the Bianchi identities (D%)?W =
(D*)?W. For further use we will write down also the superalgebra of gauge covariant

derivatives with the notation D(ia &) = Déa d)uii:
(D}, D5} = —2icapWV, {f)g,@g} = 2ig WV, (2.4)

{DI,D;} = —{DS,D;} =2iDas

[Df, Dyl = e’;‘agﬁé:w, (D3, Dyl = e4sD5 W,

['Dad,Dﬁﬁ-] = %{6045’[);5135)7\/ + 5@/’3Da_DEW} = %{%BFQB + edBFaﬁ} .
The operators D and @g strictly anticommute

(D5, Df} = (DL D}} = (DL D} =0 (2.5)

-7f 0
derivative is denoted as DY 1T¢™® = Dt tq™* + z'V7L17Jr‘lq’H’7 Ve = vIHi(Tne,, T; = ( OI T ) . We
T

also introduce the flavors as Ny-dimensional vector field gt7 so that ¢ff is N, x Ny matrix.



It follows from (R.H) that D .. = e_ibD(‘; d)eib for some Lie-algebra-valued real superfield

(a,@)
b(z,u) known as the bridge [T, BZ. In the so-called A-frame defined by ®®) — e?®®) the

+

gauge covariant derivatives D(a &) coincide with the flat derivatives DE; &) and therefore

any covariant analytic superﬁefd becomes a function over the analytic éubspace. A full
set of gauge covariant derivatives includes also the harmonic derivatives (D*+,D~~, DY),
which form the algebra su(2) and satisfy the obviously commutation relations with DX
and Dy . Unlike D, ;) D VEE,

acquire connections
The action (@) possesses the superconformal symmetry SU(2,2|2) which is manifest

the gauge covariant derivatives
in the harmonic superspace approach [RJ]. The low energy effective action at a generic
vacuum of A/ = 2 gauge theory includes only massless U(1) vector multiplets and massless
neutral hypermultiplets, since charged vectors and charged hypermultiplets get masses by
the Higgs mechanism. The moduli space of vacua for the theory under consideration is
specified by the following conditions [R]]

(6,6] =0, ofi=0, fig=0 forf)=0. (2.6)

Here the ¢, ¢ are the scalar components of A/ = 2 vector multiplet and complex scalars f;
are the scalar components of the hypermultiplet.

The structure of a vacuum state is characterized by solutions to eqs. (B.§). These
solutions can be classified according to the phases or branches of the gauge theory under
consideration [R9]. In the pure Coulomb phase f; = 0, ¢ # 0 and unbroken gauge group is
U(l)rank(G). In the pure Higgs phase f; # 0 and the gauge symmetry is completely broken;
there are no massless gauge bosons. It is well known that F- and D-flatness conditions
describing the Higgs branch can be mapped [BQ] to the ADHM constraints determining the
moduli space of instantons. In the mixed phases, i.e. on the direct product of the Coulomb
and Higgs branches (some number of ¢, ¢ is not equal to zero and some number of f; is
not equal to zero) the gauge group is broken down to G x K where K is some Abelian
subgroup and rank(G) is reduced in comparison with rank(G).

Further we follow [[] and impose the special restrictions on the background N' = 2
vector multiplet and hypermultiplet. They are chosen to be aligned along a fixed direction
in the moduli space vacua; in particular, their scalar fields should solve egs. (R.4):

VIt =VT(OH, ¢ =q"(T. (2.7)

Here H is a fixed generator in the Cartan subalgebra corresponding to Abelian subgroup
K, and T is a fixed vector in the R-representation space of the gauge group, where the
hypermultiplet takes values, chosen so that HY = 0 and YT;Y = 0. At this point we use
notations from [{]. Eq. (B.7) defines a single U(1) vector multiplet and a single hypermulti-
plet which is neutral with respect to the U(1) gauge subgroup generated by H. The freedom
in the choice of H and T can be reduced by requiring that the field configuration (2.7) to
be invariant under the maximal unbroken gauge subgroup.

At the tree level and energies below the symmetry breaking scale, we have free field
massless dynamics of the N' = 2 vector multiplet and the hypermultiplet aligned in a
particular direction in the moduli space of vacua. Thus the low energy propagating fields



are massless neutral hypermultiplets and U(1) vector which form the on shell superfields

possessing the properties
(D)W = (DF)?w =0, (2.8)

D++q+a _ (D——)2q+a _ D——q—a =0, q—a _ D__q+a, D

(e)d

“=0.

All the notations are given in [2J]. The equations (R.§) eliminate the auxiliary fields and
put the physical fields on shell.

At the quantum level, however, exchanges of virtual massive particles produce the
corrections to the action of the massless fields. The manifestly N' = 2 supersymmetric
Feynman rules in harmonic superspace have been developed in [R1] (see also 23, BH]). We
quantize the N' = 2 supergauge theory in the framework of the N' = 2 supersymmetric
background field method [[[3, [ by splitting the fields V++, ¢ into the sum of the back-
ground fields V+, ¢+, parameterized according to (R.7), and the quantum fields v+, Q¢
and expanding the Lagrangian in a power series in quantum fields. Such a procedure allows
us to find the effective action for arbitrary N' = 2 supersymmetric gauge model in a form
preserving the manifest A/ = 2 supersymmetry and classical gauge invariance in quantum
theory. The original infinitesimal gauge transformations are realized by two different ways:
first as the background transformations:

SVTH = DTt sutt =i\ 0], (2.9)
and second as the quantum transformations
VTt =0, STt =-D X —ifvtT ). (2.10)

In the background-quantum splitting, the classical action of the pure N' = 2 SYM theory
can be shown to be given by

Ssym[VFT + 0] = Ssym[VF] + 4/ d¢Yduv ™ (DF) Wy (2.11)

2 (—ig)" 2 vt (z,u vl (2, up
tr/dng%/dul...du ((+ i)) ( +(+) )

Uj Uy (Uun u

Wy, and v denote the A- and 7-frame forms of W and v+ respectively Wy, = e®®We ™%,
vt = e7®ytFe®. The quantum part of the action depends on V¥ via the dependence of
v T on b, latter being a complicated function of V*+. The hypermultiplet action becomes

Sula+Q) = Suld + [ dcVauQiD gt + 5 [ dcHdugiivq (212)
1
+§/dg(_4)du{Qf{D++Q+“ + Qv 4 it QY + Qi Q)

The terms linear in v** and ¢* in (R.11]), (B.13) determines the equation of motion and

this term should be dropped when considering the effective action.



To construct the effective action, we will follow the Faddeev-Popov Ansatz. Within
the framework of the background field method, we should fix only the quantum transfor-
mation (R.1(). In accordance with [1J], let us introduce the gauge fixing function in the
form

FW = Dyt = omib(DHyt) el — o~ ) i,

which changes by the law
57_—£4) _ e—ib{p—H— (D-i-—i—)\ 4 i[v++, )\])}eib (2.13)

under the quantum transformations (2.10). Eg. (B.13) leads to the Faddeev-Popov deter-

minant
App[v™, V] = Det(DTH (DT +ivTT)).

To get a path-integral representation for App[v™™, V] we introduce two real analytic
fermionic ghosts b and c, in the adjoint representation of the gauge group, and the corre-
sponding ghost action

Spplb,c, vt V] =tr / d¢TYdubD (D e + i, ). (2.14)
As a result, we arrive at the effective action T'[V ™+, ¢™] in the form

STIVET qt] _ giSalVET, qf] /DU++DQ+DbDC % (2.15)

w @ ASsynl T VIR AS ot VI QE g [ Spp bt E V) 51 p() _ p())

where f (4)(C ,u) is an external Lie-algebra valued analytic superfield independent of V7,
and 6[F (4)] is the proper functional analytic delta-function. To transform the path integral
for T[VTT, ¢*] into a more useful form, we average the right hand side in eq. (.1) with
the weight

1 U Uy
AV exp{gtr/dezduldusz(4)(z,ul)ﬁfﬁ)(%ug)}. (2.16)

Here « is an arbitrary gauge parameter. The functional A[V "] should be chosen from

the condition

1=A[VTT] /Df(4) exp{itr/dezduldUQfT(‘l)(z,ul)%ﬂ(‘l)(z,m)}. (2.17)
1 U2

Hence, using the standard identity [d¢C* (D) L(z,u) = [ d?2zL(z,u),

ATV = / DfW exp{%tr / dCTY ST duyduy FO (G, un) AL 2) £ P (o, un) }
= Det /24, (2.18)



we have the expression for A by means of a special background-dependent operator
A= (uguy)
(uy uy)?

in the Lie algebra of the gauge group. Thus

(D)A(DF)*612(21 — 22) acting on the space of analytic superfields with values

A[VHH] = Det!/24 . (2.19)

To find Det A we represent it by a functional integral over analytic superfields of the
form

Det ' A4 = / DY Dp@ explitr / dCYdugdcS dusy® (1)A(1,2)p@ (2)},  (2.20)

and perform the following change of functional variables

(4) _ (pt+)2 ap +4)2
p'Y = (D)0, Det( 5 ) = Det(D77)*.
g

Then we have?

tr / d¢Y dugdc dusy® (1) A(1,2) 0@ (2) (2.21)
_ 12 4 (uy uy ) 2
—tr/d Zdu1du2XS_)(1)W(D;+) or(2)
= %tr/duzduxg)(D)QaT

— _tr / AV dux 0o

where
1

2
On the basis of Egs. (R.19), (R.21) one obtains

(DHY (D)2 (2.22)

AV = Det™V2(D)?Det /0 ) - (2.23)
Now, we are able to represent A[V 1] by the following functional integral
A[V++] _ Det1/2a(4,0) /Dgpe5trfd<(_4)dup++‘pp++‘!’, (2‘24)

with the integration variable ¢ being a bosonic real analytic superfield taking values in the
Lie algebra of the gauge group. The ¢ is, in fact, the Nielsen-Kallosh ghost for the theory.
As a result, we see that the NV = 2 SYM theory is described within the background field
approach by three ghosts: the two fermionic ghosts b and ¢ and the third bosonic ghost
. The ghost action Spp and Snk given by egs. (R.14) and (P.24) correspond to the known
w-multiplet [21], .

3we use (DS )2 (:f;;f)g' = (uguy)(Dy 7)26% ™ (ug, ur)




Upon averaging the effective action with the weight (R.16)), one gets the following path
integral representation

eiF[V++, qt] _ Scl[v++ q+]Det1/2D(4 0) (2.25)
x / Dot DQ T DbDeDypeiSalv Qb VT at]
where

S, v, QT b, p, VIt ¢t] = ASSYM[U'H’VH] + Sar[vt T, VT (2.26)

Here Sgr[v™™, V**] is the gauge fixing contribution to the quantum action

SarlvtH, V] = %tf/deZdU/ldUQ( i f) (DY Tt T (1)(DF o1 (2))) (2.27)
Uy Uy
1 (vt (2 1
= 2— /dwzdu duz% - 4—tr/dlzzduvj_'+(D__)2vj.'+ .
o ufu o

Let us consider the sum of the quadratic part in v™* of ASgym (B.11)) and Sgr (2.27). It

has the form

1 1 (v (2 1 ~
5(1 + E)tr/dmzdulduz% + %tr/dmzdqu”LDv'H,
Uy Uy

where we have used eq. () To further simplify the computation, we make the simplest
choice the Fermi-Feynman gauge o = —1. We can now write the final result for the effective
action T[VTH ¢7]

TV, ] _ iSalVFT, q+]Det1/2a(470) /Dv**DQ*DchDgpelSq[”++’Q+’b7°*‘”v++’qﬂ,

(2.28)
where action S, is as follows

Sq[U—H_, Q+a ba C, ¥, V++, q+] :S2[v++’ Q+’ b’ C, ¥, V++a q+]+Sint[v++’ Q+, b, C, V++a q+],
(2.29)

1 1
$p = —5tt / A dun ™ 0o + tr / A Vdub(D )2 + Str / dC D dup(DH)2p
+§/dg(—4)du{QjD++Q+“+Q;Liv++q+“+qu’v++Q+“},

S; t — —tr/d12zdu1 ...du i (—i)"*2 ijr(Z’ul) e vj+(27un)

1
—itr/dC(_4)duD++b[v++,c] + i/dg“(_d‘)duQ:ier'FQ'm . (2.30)

This equations completely determine the structure of the perturbation expansion for cal-
culating the effective action T'[V", ¢"] of the N' = 2 SYM theory with hypermultiplets



in a manifestly supersymmetric and gauge invariant form. However not everybody hidden
rigid symmetry of a classical action can always be maintained manifestly in the Faddeev-
Popov quantization scheme. According to the analysis of [Rf], the problem of keeping the
rigid symmetries manifest at the quantum level is essentially equivalent to finding covari-
ant gauge conditions. In the case of conformal symmetry, such gauge conditions do not
exist and any special conformal transformation has to be accompanied by a field-dependent
nonlocal gauge transformation in order to restore the gauge slice [27, [f]. The invariance of
the path integral under combined conformal and gauge transformations lead to modified
conformal Ward identities for the effective action.

The action Sy defines the propagators depending on background fields [I]. In the
framework of the background field formalism in A/ = 2 harmonic superspace there appear
three types of covariant matter and gauge field propagators. Associated with a is a Green’s
function G(22) (z,2") which is subject to the Feynman boundary conditions and satisfies the

equation 0 G2 (1]2) = —1632)(1]2), where the analytic delta-function? §2)(¢p, ¢o) is

1
i <ot (zu)otT () >= G (20,2 u) = —=(DT)H16% (2 — )62 (u, )}
O
Sometimes, it is useful to rewrite G(>2) in a manifestly analytic at both points, following B2
1 L \2e(—
G*2(1,2) = e (DN (D) 18" (21 — 20)(Dy )6 (g, uo)} . (231)
102

This representation may, in principle, be advantageous when handling those supergraphs
which contain a product of harmonic distributions.
The Q' hypermultiplet propagator associated with the action () has the form
+\4 ()4

7 < Q+(C1,U1,C2,UQ) >= Gg(l'l)(lp) = —5;%;512(21 — 22) . (2.32)
(uy us ) i
It is not hard to see that this manifestly analytic expression is the solution of the equation
DIFJFG(M) = 51(5’1) (1]2). For the hypermultiplet of the second type described by a chargeless
real analytic superfield w(¢,u) the equation for Green’ function is (D} 7)2G(0)(12) =
51(44’0)(1|2). The suitable expression for G(09) is
(DD (o1 - ) ) (2.33)

|:|1 (ul ’U,2 )3

Switching off the gauge background superfield, the Green’s functions (R.31], .33, R.33) turn
into the free ones obtained in [21], 3]. The operator 0= —1(D*)*(D~)? transforms each
covariantly analytic superfield into a covariantly analytic and, using algebra (R.4), can

i <w(1),wl(2) >= G0 (1)2) =

be rewritten as second-order d’Alemberian-like differential operator on the space of such

superfields [[J]:
~ 1 . ; R | _
0 = 5D Dag + %(D*O‘W)D; + %(D;W)D*a + 5V} (2.34)

—i(ﬁﬂiﬂ/v)p" + %[DtD—]W,

450040 (¢ ua |Coy u) = (DF) 162 (21 — 22)80™ 44D (ug, uz) = (DF)*6%2 (21 — 22)6@ =9 (un, ua) [R1].

,10,



Among the important properties of O is the following: (D*)4 0=0 (D)%, The coefficients
of this operator depend on background superfields W, W. For the background, belonging
to an Abelian subgroup of the gauge group and satisfying the on-shell conditions, we have
the further restriction: D*W = D*W, and similarly for W with D, D being background
independent derivatives. In addition, we should omit the two last terms in (R.34)) since
they disappear on-shell.

To simplify the quadratic part of the action for quantum gauge superfields it is con-
venient to expand these superfields in some basis. We choose the quantum superfields
in one-to-one correspondence with the roots of the Lie algebra of gauge group G: v =
YoaV By + 37, v H;. Here E, is the generator corresponding to the root o normalized as
tr(EoE_g) = 0q,—p and H; are the rank(G) Cartan subalgebra generators satisfying the
commutation relations [H;, E,] = a(H;)E,. Using these notations one can rewrite the ac-
tions (R.3() in terms of coefficients in expansions of v in above basis. Such form of writing
of the effective action is very convenient for its evaluation and will be used in section 4 for
various cases.

3. Structure of the one-loop effective action

Consider the loop expansion of the effective action within the background field formulation.
Then, the effective action is given by vacuum diagrams (that is diagrams without external
lines) with background field dependent propagators and vertices. A formal expression of
the one-loop effective action T[V T, ¢*] for the theory under consideration is written in
terms of a path integral as follows [[[J]:

TV ] = SV aF) ey l/2 6(4.0) /Dv++DchDchQ+ 52T e QT VI ]

(3.1)
where the full quadratic action is defined in eq. (R.3(]):

SOt bc,p,QT, VT ¢t = —%tr / dCVduvt™ ot +tr / d¢Ydub(DH)%e
(3.2)
1 — 1 — a a; a;:
5t / d¢Vdu (D)2 — 5 / AN QUDTTQY + M T QY + Qi )

Here v*+ is a quantum vector superfield taking values in the Lie algebra of the gauge
group and b, ¢ are two real analytic Faddeev-Popov fermionic ghosts and ¢ is the bosonic
Nielsen-Kallosh ghost, all in the adjoint representation of the gauge group. Egs. (B.1), (B.-9)
completely determine the structure of the perturbation expansion for calculating the effec-
tive action of the AV = 2 SYM with hypermultiplets in a manifestly supersymmetric and
gauge invariant form. For the propagators of the quantum vector multiplet v+ and the
hypermultiplets Q1 we use (2.31) and (R.32) respectively. Vertices can be taken directly
from the second line (B.9). It is easy to see that the ghosts do not couple to background
hypermultiplet and therefore do not contribute to hypermultiplet dependent part of the
one-loop effective action. In the vector sector of the N/ =2 SYM theory where the matter
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hypermultiplet are integrated out, the one-loop effective action T'[V "] reads
i ~ g ~ 9 ) i
vt = §Tr(2’2) In O —§Tr(470) In O —§Trad In(D* )2 +iTrp, W DT+ §Ter In(D* )2

Currently, the holomorphic and non-holomorphic parts of the low-energy effective action
N = 2,4 SYM theory on the Coulomb branch, including Heisenberg-Euler type action in
the presence of a covariantly constant vector multiplet, are completely known (see for a
review e.g. [I0, []]). The general structure of the low-energy effective action in N = 2,4
superconformal theories is [1J]:

DilnWwW

=25,+ /duz{canan—i— /dmzln WA(W) + c.c. (3.3)

D* W D*lnW
e e

where A and T are holomorphic and real analytic function of the (anti)chiral supercon-
formal invariants. The c-term is known to generate four-derivative quantum corrections
at the component level which include an famous F* term (see e.g. [[1]).The hypermulti-
plet dependent part of the effective action in N = 4 SYM theory in leading order is also
known [[[§] - [[L§.

For further analysis of the effective action it is convenient to diagonalize the action of
quantum fields S® using a special shift of hypermultiplet variables in the path integral®

QJra _ §+a —l—i/dC§_4)q+b(2)v++(Q)Gg(l'l)(1‘2), (3.4)
QF=¢ i / dct G (12)0 @)1 (2),

where £7% &1 are the new independent variables in the path integral. It is evident that the
Jacobian of the replacement (B.4) is equal to unity. Here GZ“'”(UQ) is the background-
dependent propagator () for the superfields Q*“,QBL. In terms of the new set of
quantum fields we obtain for the following hypermultiplet dependent part of the quadratic

action
1 Dea 1 ) () 4a
S =3 / dc e prel - / de; Y acs Vgt (et (G (120t (2)g5 (2) -

Then the vector multiplet dependent part of the quadratic action gets the following non-
local extension

1 o _ —
S = i / dc ot / acS™ (Do (12) + ¢ GV (12)g ) v (35)

Expression (B.H), written as an analytical nonlocal superfunctional, will be a starting point
for our calculations of the one-loop effective action in the hypermultiplet sector. Our
aim in the current and later sections is to find the leading low-energy contribution to the

°In QED such a change of variables has been fulfilled in ref. [@] N.G.P is grateful to S. Kuzenko for
bringing his attention to this reference.
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effective action for the slowly varying hypermultiplet when all derivatives of the background
hypermultiplet can be neglected. We will show that for such a case the non-local interaction
is localized.

Using the relation vyt = [ dC§_4) 5&12'2) (2|3)vs " one can rewrite expression for
S8 (B.H) in the form

1 - - —
s@ = —gtr [t [ack™ (G652 r2)
T / d<§4>q+a(1)ag<1~1>(1|3)q;(3)5f~2>(3|2)> it (3.6)

Then we use the explicit form of the Green function (R.39) and the relation allowing us to

express the (D)*(Dy)* as a polynomial in powers of (u]uj) [[4]

(D) (D})! = (D} ) ((D;>4<uru;>4 AT (P ) 61<ufu;>2<u;u;>2) ,

2
(3.7)
where the operator A~ is [[[4]
o 1 1. - _
A™" =D*D;D; + §W(D*)2 + §W(D*)2 + (D W)D™ + (D W)D™ . (3.8)
Since G(1'1)(1,2) = ~G1-1(2,1), the non-local term in (B-§) takes the form
(=4) +a +14 g, oy L
/dC:s g *(1)(Dy) ((D:s) (uguy ) =~— (3.9)
Us
i, _ 1 (uguf)? (2.2)
—5 A3 T (uguf )= — 2T | 6P (13)a] (3)d, 7 (3]2) -
2 3 37 O (ugruir) A

The large braces here contain three terms. It is easy to see that two first terms include
the derivatives which will lead to derivatives of the hypermultiplet in the effective action.
Since we keep only contributions without derivatives, the above terms can be neglected.
As a result, is it sufficient to consider only the third term in the braces.
Now we apply the relation [ dg‘é"‘) (D;)4 = d™z, allowing to integrate over z3, and
obtain i
—/dU3 q+“(1)%q;(u&21)62'2)(U3,z1|2) .
(ug uy’)
Then one uses the on-shell harmonic dependence of hypermultiplet ¢*¢(3) = u?{iqi“ and
take the coincident limit u; = w3 (conditioned by 5&12'2) (us,21]|2)). After that we get

+
[ dus uﬁ?;} = —uy;. As aresult, the term under consideration has the form
371

" (1)gy (1657 (1]2),

a

where the expression ¢t¢(1)q; (1) = ¢*®qiq is treated further as the slowly varying superfield
and all its derivatives are neglected. Namely such an expression was obtained in [[I§] by
summation of harmonic supergraphs.
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Thus, the second term in (B.6) becomes local in the leading low-energy approximation.
As a result, the operator in action SUQ determining the effective background covariant
propagator of the quantum vector multiplet superfield v}ur (we expanded the superfield
vt in generators v+ = v/ T Ty and work further only with superfield components v; ")
takes the form

(D +a7 G, {T7, Todag (21,0) ) 652 (112), (3.10)

where
- i +a _ b S+HA ~—d oy
Ory=tr | TuUTy) + STu[P™W, T Do + STu[DeW, T D™ + TaW, W, Tpll ) -

Here O = %Do‘dDad is the covariant d’Alemberian.

Thus, using the A/ = 2 harmonic superspace formulation of the N' = 2 SYM theory
with hypermultiplets and techniques of the non-local shift we obtained that the whole
dependence on the background hypermultiplet is concentrated in the quantum vector mul-
tiplet sector with the modified quadratic action. Therefore the one-loop effective action is
given by the expression

F(l)[V++,q+] _ Fgl)[v++’ q+] + f(1)[v++] ’ (3.11)

where the first term in (B.11)) is originated from quantum vector multiplet v;rJr
TV gt = STl 07 (T Tda;) (312)

Second term in () is the contribution of ghosts and quantum hypermultiplet £} and
does not depend on the background hypermultiplet.
As a result, the background hypermultiplet dependence of one-loop effective action is
included into the operator _
Ors +¢"{Tr, Tr}ag (3.13)

acting on v}H and containing the mass matrix of the vector multiplet

(M) s = tr ([T, WIW, Tyl + (I = ) + ¢ {T1, Ti}ag (3.14)
if ¢* is in the fundamental representation, and
(M) = tr ([T, WIWV, Ty] + [q*, T1[Ts, 45]) + (L < J), (3.15)

if ¢* in an arbitrary matrix representation. We have proved that the hypermultiplet depen-
dence is completely transferred into the sector of quantum superfields v™ and conditioned
by the background covariant operator (B.13). Egs. (B-11)), (B-19) are a starting point for
calculating the one-loop effective action. Note that we make no restrictions on a space-time
dependence of the hypermultiplet except the on-shell properties (R.§).

In the above discussion, the gauge group structure of the superfields W, ¢ has been
completely arbitrary. Henceforth, the background superfields will be chosen to be aligned
along a fixed direction in the moduli space of vacua in such a way that their scalar fields
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should solve Egs. (R.). Let the background vector multiplet and hypermultiplet be of
the form (R.7) where H is a fixed generator in the Cartan subalgebra. It corresponds to
assumption that gauge group G is broken down to G x K where K is an Abelian subgroup
conditioned by the Cartan subalgebra where the generator H belongs to. In this case there
is a single vacuum combination WW for A/ = 2 background vector multiplet and a single
vacuum combination ¢T%¢, for the background hypermultiplet.® Then the operator acting
on the quantum vector multiplet superfields defined in (B.13) takes the universal form

O+ %a(H)(zﬁWD* +DIWDT) + 2(H)WW + ¢, 2, (3.16)

where [ is the covariant d’Alemberian, the combination ¢*%q; (a = 1,2) already has no
matrix indices (since a fixed direction in moduli space is taken) and the matrix Z has the
indices I, J conditioned by the expression {T7,T;} after fixation of the background hyper-
multiplet in accordance with (.7). All matrices containing W, W in (B.14) are diagonal
over the indices of the generators in G.

We are interesting only in the hypermultiplet dependent terms in the one-loop effective
action (B.12). Let us clarify how such terms can in principle be generated in (B.13). The
mass matrix has the structure M'? = Q(H)WW Y + qt %, - Z. The only eigenvalue
of the matrix Y is 1 with n(H) corresponding eigenvectors. The matrix in parentheses

in (B.I6) has the same eigenvectors as Y. As to the matrix Z, there can be two options:

i) The matrix Z has n(Y) eigenvectors common with eigenvectors of Y (n(Y) < n(H))
and the corresponding eigenvalues are 7(Y). Then the effective action is the sum over
different values of r(Y). Therefore we assume, without loss of generality, that there
is only one eigenvalue (1) with n(Y) eigenvectors common with eigenvectors of Y.
Hence the hypermultiplet dependent effective action in the case under consideration

is
TOV++, ¢t = (3.17)
%n(T)Tr In <D+%a(H)(D+WD—+15+W25‘)+a2(H)WW+T(T)q+“q;> :

Here Tr means the functional trace of operators acting on analytic superfields of

7 The eigenvectors of ¥ which do not coincide with

the appropriate U(1) charge.
eigenvectors of Z and give no hypermultiplet dependent contributions to the effective

action.

5If the background fields corresponds to various generators H; the effective action will be a sum of
contributions over the index ¢ where each contribution has the structure corresponding to the above case.
Therefore we can consider the case with fixed generator H without loss of generality.

Specifically, if AP 47P) (¢, ¢2) is the kernel of an operator acting on space of covariantly analytic
superfields of charge p, then

TrA(p’4_p) _ tr/dc(_4)du./4(p’4_p) (Cv C)7

where the trace ‘tr'is over group indices.
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ii) The matrices Y and Z have no common eigenvectors. The effective action is the sum
over eigenvectors of Y and eigenvectors of Z. The contribution originated from the
eigenvectors of Y are hypermultiplet independent. The contributions originated from
the eigenvectors of Z do not contain the operators D~ and D~ since the corresponding
matrix in (B.13) has different eigenvectors then Y. However these operators are used
to obtain, in principle, the non-zero low-energy effective action. Therefore in this
case the hypermultiplet dependent part of the effective action vanishes.

As the result, the hypermultiplet dependent effective action is given by the expres-
sion (B.17). In the next section we will consider the evaluation of this expression.

4. Calculation of the one-loop effective action

The expression (B.17) is a basis for an analysis of the hypermultiplet dependence of the
effective action. This expression will be written in the convenient form allowing us to
evaluate it using the superfield proper time techniques (see [B4, Bg] for A' = 1 superfield
proper time techniques) by generalizing the Schwinger construction [Bd]. We will follow the
generic approach developed in our paper [[I§] where hypermultiplet dependence of N' = 4
SYM effective action was analyzed.

In the framework of the Fock-Schwinger proper-time representation, the effective ac-

tion (B.17) is written as follows

POV gt = () [dc D [T e s Oriatn@one DDt
0
X (D) (8%2(2 = 29022 (1)) o=erumar
= /OO ﬁTrK(s), (4.1)
0o S

where M2 = o?2(H)WW + r(Y)q %q,. Here K(s) is a superfield heat kernel, the oper-
ation Tr means the functional trace in the analytic subspace of the harmonic superspace
TrK (s) = tr [ d¢"YK((,(|s), where tr denotes the trace over the discrete indices. Rep-
resentation of the effective action (f.1)) allows us to develop a straightforward evaluation
of the effective action in a form of covariant spinor derivatives expansion in the superfield
Abelian strengths W, W. The leading low-energy terms in this expansion correspond to
the constant space-time background D;D;W = const, D;D;W = const and on-shell
background hypermultiplet. Especially we want to emphasize that on-shell conditions do
not mean that the hypermultiplet is constant. Furthermore we assume that hypermultiplet
is a slowly varying function in the superspace and neglect any derivatives of the hypermul-
tiplet for deriving the superfield effective action. However, it does not mean that we miss
all space-time derivatives in the component effective Lagrangian. Grassmann measure in
the integral over harmonic superspace d*07d*@~ generates four space-time derivatives in
component expansion of the superfield Lagrangian. Therefore the above assumption is suf-
ficient to obtain a component effective Lagrangian including four space-time derivatives of
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the scalar components of the hypermultiplet. Possible contributions to the hypermultiplet
dependent effective action off-shell will be discussed in the next section.

Calculation of the effective action ([.1)) is based on evaluating the superfield heat
kernel K (s). Note that even with regard to the properties of a non-analytic integrand,
the crucial idea [[§] is to stay in the analytic subspace at all stages of the calculations
without an artificial conversion of the analytic integral into the full superspace integral,
where, as a rule, an integrand contains ill-defined products of harmonic distributions. In
this respect, integration with the analytic measure will be a high-power projector which
removes all harmonic singularities. Moreover, because the covariant d’Alemberian doesn’t
contain efficiently acting D we, during heat kernel treatment, never obtain D¢~ but only
D~q~ = 0. Under this approach we should actually look for higher-derivative quantum
corrections in the form

/dg DO HW,W, ¢t q7). (4.2)

In the case of a covariantly constant hypermultiplet D,,q" = 0 and vector multiplet
D, W = D,,V = 0 the heat kernel can be computed exactly. In order to obtain the
complete kernel it is convenient separate of the contributions of the diamagnetic and para-
magnetic parts of the operator a We follow here a generic scheme of calculations [[[§
taking into account only the aspects essential for the theory under consideration. As the
first step we use the Baker-Campbell-Hausdorff relation and write the operator K (s) as a
products of several operator exponents®

_ = 1 .
K(s) = exp(—s{AT™D™ + ATD™ + 5D Do + M2} (4.3)

= exp{—faa(s)D} exp{—s%Daé‘Dad} exp{—Q(s)}exp{—s(ATD™ + ATD7)} .

with some unknown coefficients in the right hand side. These coefficients can by found
directly by solving the system of a differential equations on these coefficients. To find the

mentioned system of equations we consider (%K (5))K~1(s) and substitute for K (s) first

and second lines in ([£.d) subsequently. Equations for the function f¢*(s) have the form
2 faals) = — ol = ATP(D; fos) = A (D fa)
+AFAL( / dreF)28 + AF A5 ( / dreF)20 (4.4)
0
It is easy to show that the solution of these equation can be written as follows

oo = —AFFO AT — A+f55 As, (4.5)

ax )

8Where we have used the notations

Ate = %a(H)(D*“W), Ate = %a(H)(ﬁ*dVV), NE =D;A™, NP =D;A
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where the function F(N, N, s), F(N, N, s) are listed in [I§]. Analogously, equation for the

function € is

C%Q(s) — M2 = —ATY(D, Q) — ATHD; Q) + AL YA, + AL A, (4.6)

| Y L SR Y i N
Ay [ are g s [ e g

Solution of these equation has the form

QO(s) = sM2 4+ A Q7 (s) + AT4Q (s) + (AT) 20D (s) + (AF)20 (2 (s)
HATALTE) (4.7)

We point out that this solution is a finite order polynomials in power of the Grassmannian
elements AT, A*. All coefficients are given in ref. [[§. Now it is necessary to write the last
exponential in ([.J) in the form

exp{—s(ATD” + ATD)} = 1 +a™D, +at D, + fA(D )2+ F(D7)?
_|_f+2daDaijd + E+3dﬁ; (D7)2 + E+3CVD; (137)2

+Q(D7)3(D)2 (4.8)

The coefficients of this expansion can be found exactly and given in [1§]. For further
analysis it is important to note that

O = (AP (AP <—C°Sh(jvf\§ )= 1) tr <—C08h(jv/\2/ )= 1) . (4.9)

One can show that only this last term in expansion of the exponent will survive in the coin-
cidence limit = " which should be taken in (1)), since (D~)*(DT)468(0—6')|g—g = 1.
All other terms with less then four (D7) are killed at the coincident limit. As a result,
we obtain, as the coefficient the maximally admissible number of the quantities AT, A
with non-zero Grassmann parity. Then all the other dependence on A1, A* in operator
exponents ([.3) must be omitted and we get the expression for the effective action

IOV ¢t = %n(T) / A e MR (s) (AT)2(AH)2 x
o (cosh(s/\/) — 1) . <COSh(SN) - 1> 7 (4.10)

N2 N?
where Kgen(s) is the superfield Schwinger-type kernel B4, [(3. The latter is defined as
follows Kgen(z,2,s) = e 2P Paa{1§4(z — 2/)}. Now a computation of this heat kernel

and its functional trace is standard (see e.g. [BY, [[] for details). We write down only the
final result

i SN2 —N?)
KSch(S) = (4%5)2 cosh(SN) — cosh(S./\_/) '

Here N is given by N = \/—%D4W2. It can be expressed in terms of the two invariants
of the Abelian vector field F = %Fm"an and G = %*F’”"an as N = /2(F +iG).
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Relation (f.1()) is a final result for the hypermultiplet dependent low-energy one-loop
effective action of the Heisenberg-Euler type. We remind that the whole background hy-
permultiplet is concentrated in M?2. The explicit form of it is:

1 _ o0 dS _s(a? AN+ +a -
p(l)[v++7q+] — WH(T)/dC( 4)du/0 =€ (P (H)WWHr(T)g™%qa) (4.11)
QMH) o = s2(N? — N?) cosh(sN) —1 cosh(sN) —1
“ 16 (DTWIHDTW) cosh(sN') — cosh(sN) - N2 . N2 '

It is easily to see that the integrand in (J.11)) can be expanded in power series in the
quantities s?AN?, s?A2.  After change of proper time s to s’WW we get the expan-

sion in power of s/Q(V\j}vV—T})Q and their conjugate. Since the integrand of (fL.11)) is al-
ready ~ (DYW)2(D*W)?2, we can change in each term of expansion the quantities
N2, N? by superconformal invariants ¥? and W? [[3] expressing these quantities from
U2 = #D‘l InWw = ﬁ{% + O(D*W)} and its conjugate. After that, one can
show that each term of the expansion can be rewritten as an integral over the full NV = 2
superspace.

It is interesting and instructive to evaluate the leading part of the effective action ({.11]).

Analysis of (J.11)) (see the details in [L§]) yields

1 1 DYWD*W DtWD*W 1
@ _ ” /d (—4) gy L &
teaa = (X [ 46 dugg =0 W2 (1-X)%
where N 1)
—q""q, T
X = _ 4.12
WW «o?(H) ( )
As the next step, we rewrite this expression as:
1 1 _ _
d¢Ydu—{ D2 InWD*?1 4.1
(477)2/ ¢ u16{ nW nW (4.13)
R 1 1 .51 r(V)gtog; \*
7D+2—D+2,— '\ ~)Y HYa
2 mg W ( o?(H)
_ 1 /dmzdu 1nW1nW+i¥X’“
(4m)? — k2(k+1) ’
That exactly coincides, up to group factor T with the earlier results f]:
1 - 1
Tl — a )2n(T) /du d?z <1nWan + Lig(X) + In(1 - X) — < In(1 — X)) . (4.14)
m

Here Lis(X) is the Euler’s dilogarithm function. Next-to-leading corrections to ({.14) can
also be calculated [[§. The remarkable feature of the low-energy effective action (f.14) is
the appearance of the factor r(T)/«a(H) in argument X. This factor is conditioned by the
vacuum structure of the model under consideration and depends on the specific features
of the symmetry breaking. The form of the hypermultiplet dependent effective action
analogous to ([.14)) has been found originally in ref. [Id] for N' = 4 SYM theory and studied
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in refs. [[7, [[§ by different methods. In N = 4 SYM theory, the N = 2 vector multiplet and
hypermultiplet both belong to the adjoint representation of the gauge group and the above
factor in X is equal to 1. As a result, we conclude that the hypermultiplet dependent low-
energy effective action has the universal form (. 14) for all ' = 2 superconformal models,
the difference of one N/ = 2 superconformal model from the others is conditioned only by
factor 7(Y)/a(H) in the quantity X ([L.19). The same conclusion concerns also the general
expression ([.I(). Of course, the different models evidently contain the different common
factors n(Y) in front of integrals (#.1(), ({.14).

Now we discuss some terms in the component Lagrangian corresponding to the effec-
tive action ([.14). Component structure of the effective action ([E.14) has been studied [[L§]
in the context of N'=4 SYM theory in bosonic sector for completely constant background
fields Fyn, &, &, f*, f;. However, it was pointed out above that the superfield effective ac-
tion () allows us to find the terms in the effective action up to fourth order in space-time
derivatives of component fields. Now our aim is to find such terms in the hypermultiplet
scalar component sector. To do that we omit all components of the background superfields
besides the scalars ¢, ¢ in the A" = 2 vector multiplet and scalars f, f in the hypermultiplet
and integrate over d*0*d*0~ = (D7)*(DT)*. Then we act these derivatives on the series
under the integral in ({.13). To get the leading space-time derivatives of the hypermultiplet
scalar components we should put exactly two spinor derivatives on each hypermultipelt su-
perfiled. It yields, after some transformations, to the following term with four space-time
derivatives on ¢& in component expansion of effective action (f13):

T =1 k-1 X2
) :/d4 du ™ Y _ 415
lead P 2 T6 k(1) VW) (4.15)
x{ Dtapteg D+D5q+(bD—5D—ﬁq+a>DﬁfD;q;

The straightforward calculation of the components? in this expression shows that among
the many terms with four derivatives there is an interesting term of the special type

-1 (1) \? [Xo — 2 2
| N—— Y In(1 — Xo) — — | x 4.16
1
X / dud*z——ie" 0,4 0,qTO\G Dpg - (4.17)
(¢0)
9Here we have used the relations DTDT¢~ = DYDYD~~¢T = —D*D7¢T = —2i0"0,.q™, as well
as D™D q¢" = 2i0*8,q~, D™D q" = 2i0"8,q", D" DVYq™ = —2ic*0,q". In addition we have used

+o4, == 1
J du] ufugu; = g€k + €€jr).
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As the first term in expansion over variable Xy = % we have

2

Pl(elazd == 4817TQn(T) <;EE))> /d41' (¢i§)2 iguy)\p(auflaufiaAf]apfj - uflaufia)\f]apfj) .
(4.18)
Here we have omitted all the terms containing the expressions of the type 0 f0,,f. The ex-
pression ([.16) has a form of the Chern-Simons-like action for the multicomponent complex
scalar filed. The terms of such form in the effective action were discussed in refs. [B3,
in context of A' = 4,2 SYM models and in refs. [BJ] for d = 6, ' = (2,0) superconformal
models respectively. Here the expression (4.1€) is obtained as a result of straightforward

calculation in the supersymmetric quantum field theory.
As the examples we list the values of a(H),r(Y) and n(Y) for models considered in [{].
(i) N = 4 SYM theory with gauge groups SU(N), Sp(2N) and SO(N). Here the
hypermultiplet sector is composed of a single hypermultiplet in the adjoint representation
of the gauge group. The background was chosen such that the gauge groups are broken
down as follows SU(N) — SU(N — 1) x U(1), Sp(2N) — Sp(2N — 2) x U(1), SO(N) —
SO(N —2) x U(1). All background fields aligned along element H = U(1) of the Cartan

subalgebra (with ¥ = H). The mass matrix becomes
(M3)1r = WW + aq; ) (a(H))?0r,s

and traces in eq. (B.11]) produce the coefficient n(Y) which is equal to the number of roots
with a(H) # 0, i.e. to the number of broken generators

2(N —1) for SU(N),
n(Y)=4q 4N —2  for Sp(2N) and SO(2N +1),
AN —1 for SO(2N).

The form of the mass matrix shows that in this case 7(Y) = a(H) .

(ii) The model introduced in [ff]. The gauge group is USp(2N) = Sp(2N,C) [ U(2N).
The model contains four hypermultiplets q} in the fundamental and one hypermultiplet
qj in the antisymmetric traceless representation USp(2/N). The background fields W, q},
qj are chosen to solve eqs. (.6) with the unbroken maximal gauge subgroup USp(2N —

2) x U(1):

w
W = ~~diag(1,0,...,0,—1,0,....0), ¢t=0,
7 g(H,_/ H,_/) qar

N1 N1
) B q’ '
(@ = —1 —diag(N —1,—1,...,~1L,N—1,—1,...,—1).
SN(N — 1) — N
N1 N1

The mass matrix (M2)r; has been calculated in [J] and it has n(T) = 4(N —1) eigenvectors
with the eigenvalue M2 = WW + %qjqj.

(iii) The N/ = 2 superconformal model which is the simplest quiver gauge theory [i, §].
Gauge group is SU(N)r x SU(N)g. The model contains two hypermultiplets g™, ¢* in the
bifundamental representations (N,N) and (N,N) of the gauge group. In [d a solutions
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Figure 1: One-loop supergraph

of (P.6) with non-vanishing hypermultiplet components that specifies the flat directions in
massless A" = 2 SYM theories has been constructed. The moduli space of vacua for this
model includes the following field configuration

Wi = Wi = — o ding(N — 1,~1..., 1),
N Q(N— 1) T
q+
¢t =qt = ==diag(1,0,...,0), (4.19)

V2

which preserves an unbroken gauge group SU(N —1) x SU(N —1) together with the diagonal
U(1) subgroup in SU(N)z x SU(N)g associated with the chosen W. In such a background
the mass matrix has eigenvalue M? = A WW + +.q™q, and the corresponding n(Y) =

A(N —1).

5. Hypermultiplet dependent contribution
to the effective action beyond the on-shell condition

In the above consideration, as well as in the papers on the hypermultiplet dependent effec-
tive action [[§—[§], a crucial point was the condition that the hypermultiplet ¢ satisfies
the one-shell conditions (2.§) and the constraint ¢t = D™*¢~. As it has been pointed
out in [If] these conditions are sufficient to get all the leading low-energy contributions to
the effective action. Here we relax the on-shell conditions and study some of possible sub-
leading contributions with the minimal number of space-time derivatives in the component
effective action.

We consider a supergraph given in figure [[] with two external hypermultiplet legs and
with all propagators depending on the background N = 2 vector multiplet. Here the wavy
line stands for the N' = 2 gauge superfield propagator and the solid external and internal
lines stand for the background hypermultiplet superfields and quantum hypermultiplet
propagator respectively. For simplicity we suppose that the background field is Abelian

and omit all group factors. The corresponding contribution to effective action looks like

+\4 +\4
Ty = / dcMdcS™ duydus <M;512(1|2)> x

(ufug )3 th
. (7(9;24£p;>4512(2|1)(pl)25(2@(”2,”1)) 0" ()t (2. (5.)
Lol
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As usually, we extract the factor (DT)* from the vector multiplet propagator for recon-
structing the full ' = 2 measure. Then we shrink a loop into a point by transferring the
0 and (D*)* from first 6-function to another one and kill one integration. At this proce-
dure the operator a does not act on ¢ because we are interesting in the minimal number
of space-time derivatives in the component form of the effective action. As a result, one
obtains

iPQ _ /dCI duldu2 (D+) (D;)4(Df)4512(2 . Z/) %

(ufus ) s

Loy
X <(D1ﬁ)25(72’2) (Uz,u1)> G (21,u1)g " (21, u2) - (5.2)
Further we use twice the relation (B.7) [[4] allowing us to express the (Dj")*(Dj)*
a polynomial in powers of (ufuj). Then after multiplying the (Dy)*(D5)*(D;)* with

the distribution 1/(ujuj)? we obtain a polynomial in (ujuj) containing the powers of

this quantity from 5-th to 1-st. The first order is just a contribution of the type which we
considered in the previous section, because one derivation (D~~)? is used for transformation

(ufu3) into (ujuy)|u,—u, = 1 in the coincident limit. Another D™~ transforms ¢* into

q—. All that has been already done in section 4. Therefore, keeping only the first order
in (ufu; ) we get a contribution including the combination ¢q*¢~ without derivatives. As
we pointed out in section 4, to obtain such a contribution it is sufficient to consider the
hypermultiplet satisfying on-shell condition (P.§).
Here we consider the new contribution to the effective action containing term (uj u;
in the above polynomial:
(D) (D) (DY)

(ugug)?

_ (5.3)
ot ) O (50085 () - SAT D)) + .

The ellipsis means the terms with the powers of (u{ uj) other then 2. One can show that
in the coincident limit they disappear. Now transferring (D~7)2 on (u] u3)? we obtain the

expression:

[y = z/d{ du(DJr) ( OA™ " — A~ D)512(z —2)o=r@ (z u)q+(z,u), (5.4)
ol Ty(l)  Ta(2)

where A~ is defined in (B.§).

Let us consider each of the two underlined contributions separately. We use the rep-
resentation .
%A**(Su(z -2 = /ds se’HAT7612(2 — )|, (5.5)
O
where | means the coincident limit z = 2. Then we can apply a derivative expansion of
the heat kernel. The goal is to collect the maximum possible number of factors of DT, D~

acting on (67 —0'1)*(6~ —#~)* and having the minimum order in s in the integral over s.
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Higher orders in s generate the higher spinor derivatives in the effective action. We take
terms 2W(D™)? + c.c. from A~ and expand the exponential so as to find (D)% The

eq. (b-5) allows us to write the leading contribution to I'y(1) as follows
2
fsp Wer)s_ V(Dtewpt
32W( WDIW) x

x(D7)*(D7)?6%(0 — 0")|g gt + cc.  (5.6)

d12zdu ds s

After trivial integration over p and s this contribution has the form

j 1 DYWDHTW _ _
I e WTqﬂz,u)qwz,u)(D 656~ o)

+ UL e 7t (z,u)g" (z,u)(D7) O - 0. (5.7)

322

Now we fulfil the same manipulations with the second underlined contribution I'(2) keeping
the same order in s and D™, D™ as in the expression (f.7):

d d4
F2(2) _ —/d12zduq / 55 e~ 5P +zspD+sE| (58)

(ZpaaD D + A__)(—_p paa + Zpaapaa+ D)68(9 9/)|

—/dmzduq / dss® d4 e~ SP 2+sWW—es

1.- = . _
. 5W<D—>2Z<D+W><D+W>{—1p% ) 5DV )+ OV W)
Integration over momenta in this expression'? gives W{—%% + s} =0 . After that we
see that the leading term of the form (f.7) is absent in I'y(2). Then it is not difficult to
show that the contribution (5.7) is rewritten as follows [we use [d?60~ = DT

32772 / d*zd 0t d*0~ du(D1)?(DT)? (an) i G (z,u)q" (z,u)(D7)*6% (0 — 0')| + c.c.
The non-zero result arises when all DT - factors act only on the spinor delta-function.
Thus, the contribution under consideration is written as an integral over the measure
d*xdud*0*d?0~ which looks like ”3/4 - part” of the full A/ = 2 harmonic superspace
measure d*zdud*6td*9~.
Therefore, the hypermultiplet dependent effective action contains the term
i
3271'

1
Ty = / d4xdud49+d29_w ImW)Gtq"5-—o (5.9)

4 4 gt 20— Mat ot
~ 39,2 /d xdud™ 07d"0 Wln(W)q q" o-=o -
Presence of such a term in the effective action for /' = 2 supersymmetric models in
subleading order was proposed in [§]. Here we have shown how this term can be derived
in the supersymmetric quantum field theory.

o=’ — _i__ 1568

10 75 _
/e (27\')4 4 (47\'3)2’ / (2w)4paap = @r9)Z 5%
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It is interesting and instructive to find a component form of such a non-standard super-
field action (f.9). Here we consider only a purely bosonic sector of (b.9). After integration
over anticommuting variables, which can be equivalently replaced by supercovariant deriva-
tives evaluated at 8 = 0, one gets:

Iy = 4 — d4xduWD+D—~+D “D gD DTOW]y 5, (5.10)
+4—2 d4xd’U,WDgD_a(j—’—Da_D;q+D+BD_dW’9’§:O.
Since Dy D3 q" = —2i06f D+D = 2¢aﬁ6-f+ we have
i 1 o .
Iy = — [ d*zdu—=08s4f 0% f~FP™ + /d4 Qi 08 F+ 0, f~ PO 5.11
2= 25 [ dbaduactss PR [ ateduocos o PR ()

where F8 F 3 are the spinor components of Abelian strength F,;. Then one converts the
spinor indices into vector ones. As a result, we obtain a Chern-Simons-like contribution to
the effective action containing three space-time derivatives

Iy = 271T d*z Mammbam 0, fiFap - (5.12)
This expression is the simplest contribution to the hypermultiplet dependent effective ac-
tion beyond the on-shell conditions (B.§) for the background hypermultiplet. Of course,
there exist other, more complicated contributions including the hypermultiplet derivatives,
they also can be calculated by the same method which led to (f.9). Here we only demon-
strated a procedure which allows us to derive the contributions to the effective action in
the form of integral over 3/4 - part of the full A/ = 2 harmonic superspace.

6. Summary

We have studied the one-loop low-energy effective action in N/ = 2 superconformal models.
The models are formulated in harmonic superspace and their filed content correspond to
the finiteness condition ([L1]). Effective action depends on the background Abelian N = 2
vector multiplet superfield and background hypermultiplet superfields satisfying the special
restrictions (R.6), (R.]) which define the vacuum structure of the models. The effective
action is calculated on the base of the NV = 2 background field method for the background
hypermultiplet on-shell (R.§) and beyond the on-shell conditions.

We have shown that the hypermultiplet dependent one-loop effective action for the
theory under consideration is associated with a special superfield operator (B.13), acting
only in the sector of quantum vector multiplet superfields. The coefficients of this operator
contain the background superfields and depend on details of gauge symmetry breaking.
We prove that for evaluating the one-loop effective action it is sufficient to consider the
simple case when the operator has the universal form (B.14).

The hypermultiplet dependent one-loop low-energy effective action is calculated in
the form of an integral over the proper time. It was proved that to find the low-energy

,25,



contributions to the effective action it is sufficient to consider on-shell vector multiplet
and hypermultiplet. Final result for such a case is given by the relation (f.10) which is
the A/ = 2 superfield analog of the Heisenberg-Euler effective action. The leading part of

the low-energy effective action (f.14) has a general form!! and depends on the quantity

X — —9%aq r(Y)
WW  a(H)
the superfield effective action ({.14) we calculated the lowest space-time dependent terms

(f.12)) containing the details of the vacuum structure of the model. Using

in the sector of scalar hypermultiplet components. These terms contain four space-time
derivatives of scalar fields and have a Chern-Simons-like form ([.16).

We studied possible contributions to the effective action which can be generated if
we go beyond on-shell conditions (B.§) for the background hypermultiplet. The harmonic
supergraph with two external hypermultiplet legs and with background vector multiplet
dependent propagators has been computed and its leading low energy contribution has
been found. We proved that the final result has a very interesting superfield structure
and is written as an integral over 3/4 of the full N' = 2 harmonic superspace (f.4). The
presence of such terms in the effective action of NV = 2 supersymmetric theories was recently
proposed in P§]. We computed the component structure of the effective action (p.9) in
the bosonic sector keeping the scalar components of the background hypermultiplet and
vector component of the background N' = 2 gauge multiplet. The result (p.13) has a
Chern-Simons-like form and contains three space-time derivatives of the component fields.

To conclude, we have analyzed the general structure of the hypermultiplet dependent
one-loop low-energy effective action of N' = 2 superconformal models. For an on-shell
hypermultiplet we found the universal expression for the effective active action. For hy-
permultiplet beyond on-shell, we calculated the special manifestly N/ = 2 supersymmetric
subleading contribution which is written as an integral over 3/4 of the full N’ = 2 harmonic
superspace. We believe that such contributions deserves a special study.
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